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NUMERICAL SOLUTIONS OF WAVIER-STOKES EQUATIONS 
FOR A BUTLER WING 
t 
Jamshid S. Abolhassani 
2 Surendra N. Tiwar i  
The f l ow  f i e l d  i s  s imulated on the surface o f  a B u t l e r  wing i n  a un i form 
stream. Resul ts  are presented f o r  Mach number 3.5 and Reynolds number o f  
2,000,000. The s imu la t ion  i s  done by i n teg ra t i ng  the v iscous Navier-Stckes 
equations. These equat ions govern the unsteady, viscous, compressible and heat  
conduct ing f l ow  o f  an idea l  gas. The equations are  w r i t t e n  i n  c u r v i l i n e a r  
coordinates so t h a t  the wing surface i s  represented accurate ly .  0-type and H- 
type g r i d s  have been used f o r  t h i s  study, and r e s u l t s  a re  compared. The 
governing equat ions are solved by the MacCormack t i m e - s p l i t  method, and the  
r e s u l  t s  a r e  compared w i t h  other  theore t ica l  and experimental resu l t s .  The 
codes are  w r i t t e n  i n  FORTRAN, vector ized and c u r r e n t l y  r u n  on the CDC Vector 
Processing System (VPS-32) computer. 
Graduate Research Assistant,  Department o f  Mechanical 
Engineer ing and Mechanics, Old Dominion Univers i ty ,  Nor fo lk ,  Va, 
23508, A I A A  Student Member. 
' Eminent Professor, Department o f  Mechanical Engineering and 
Mechanics, Old Dominion Un ive rs i t y ,  Norfolk,  VA, 23508, A I A A  
Associate Fel low. 
i v  
Nomencl a ture 
CV 
e 
E 
Fs E, 1 
J 
K 
n 
P 
P r  
9,s qys 9, 
R 
Re 
i 
SO - 
U 
a 
spec i f i c  heat a t  constant volume 
i n t e r n a l  energy per u n i t  volume 
t o t a l  energy per u n i t  volume 
vector  f luxes for coordinates d i r e c t i o n s  
Jacobin ma t r i x  
c o e f f i c i e n t  o f  bulk v i s c o s i t y  
c o e f f i c i e n t  o f  thermal conduc t i v i t y  
l e n g t h  o f  the wing 
Mach number 
magnitude o f  normal vector on any surface 
s t a t i c  pressure 
p rand t l  number 
components o f  heat conduct vectors  
un i  versa1 gas constant 
Reynol ds number 
s t a t i c  temperature 
f r e e  s tream temperature 
w a l l  temperature 
reference temperature for  Su t h e r l  and v i  scosi  t y  1 aw 
time 
constant f o r  Sutherland v i s c o s i t y  law 
vector o f  s ta te  var iab les 
v e l o c i t y  components i n  the phys ica l  coordinates 
con t rava r ian t  v e l o c i t y  i n  the computational coordinates 
coordinates f o r  the physical domain 
c o e f f i c i e n t  f o r  pressure damping 
V 
Y 
E’T’C 
P 
’r 
P’ 
P 
z 
xx ’ =xy ’ =xz 
yy ’ =yz* =zz 
4 ’4  s 4 p  s i j  
7 
7; 
X Y  
subsc r ip t  
W 
a, 
supersc r ip t  
n 
i nd i ces  
L L k  
opera t o r s  
V 
0 
L E S L T S L C  
a 
r a t i o  o f  s p e c i f i c  heat  
coordinates f o r  the computational domain 
mol ecul  a r  v i  scosi  t y  
re ference V iscos i ty  i n  Sutherland v i s c o s i t y  law 
bul  k v i s c o s i t y  
dens i ty  
s t ress  tensor 
elements o f  the s t ress  tensor 
components o f  viscous d i ss ipa t i on  func t ions  
Kronecker del  t a  func t ion  
sol i d  wa l l  s 
f r e e  stream Val ue 
t ime l e v e l  
p o i  n t ind ices  
g rad ien t  
i nne r  product  
f i n i t e  d i f f e rence  operators 
p a r t i a l  d i f f e r e n t i a t i o n s  
v i  
Introduction 
The B u t l e r  wing i s  a d e l t a  wing which was proposed by D. S. B u t l e r  1. The 
planform of the body i s  an isosceles t r iangle,  and the l ead ing  edges o f  the 
wing l a y  along the Mach l i n e s  o f  the unperturbed stream. The f i r s t  20% o f  the 
wing i s  conica l  and the l a s t  80% o f  the wing has e l l i p t i c a l  cross s e c t  ons 
w i t h  i nc reas ing  e c c e n t r i c i t y  along the x-axis. A t  the t r a i l i n g  edge, the 
e l l i p t i c a l  cross sect ion has i n f i n i t e  e c c e n t r i c i t y  and t h i s  l a s t  cross sec t i on  
i s  a s t r a i g h t  l i n e .  D. S. B u t l e r  has compared the experimental r e s u l t s  for  
surface pressure w i t h  the theo re t i ca l  resul  t s  us ing the slender-body theory 
approximation t o  s i m p l i f y  the i n v i s c i d  equations o f  motion'. Walkden and Caine 
est imated the pressure on the surface of a B u t l e r  wing a t  zero i n c i d e n t  i n  a 
steady uni form stream by numerical ly i n t e g r a t i n g  the two semi-character is t ic  
forms o f  the equations governing i n v i s c i d  supersonic f l ow  o f  an i dea l  gas w i t h  
constant s p e c i f i c  heat2. Squire obtained experimental r e s u l t s  for  a B u t l e r  
wing va ry ing  Mach number and angle o f  attack3. I n v i s c i d  equations have been 
used i n  a l l  previous a n a l y t i c a l  and numerical i nves t i ga t i ons .  
i n  order  t o  study the f low around a B u t l e r  wing, the Navier-Stokes 
equations a re  numer ica l ly  solved. The equations a re  unsteady, compressible, 
viscous and three-dimensional. The time dependency o f  the governing equat ions 
a l l ows  the s o l u t i o n  t o  progress n a t u r a l l y  from an a r b i t r a r y  i n i t i a l  guess t o  
an asymptotic steady state, i f  one ex is ts .  The equations are transformed from 
phys ica l  coordinates to  computational coordinates which a l lows so lu t i ons  to  be 
computed i n  a rectangular  domain. The equations are solved by the MacCormack 
t i m e - s p l i t  technique4. which i s  vector ized and programmed t o  run on the CDC 
VPS-32 (CYBER 205) computer. The codes a r e  w r i t t e n  i n  3 2 - b i t  (hal f -word) 
FORTRAN. 
I 
The B u t l e r  wing i s  symmetric about (x-z) and (x-y)  planes. This permi ts  
the use of one quar te r  o f  the e n t i r e  phys ica l  domain f o r  f l o w  f i e l d  
computation w i t h  zero angle o f  a t tack  (Fig. 1). However, i f  the angle o f  
a t t a c k  i s  greater  than zero, then h a l f  o f  the physical  domain should be 
con s i  dered. 
G r i d  generat ion i s  the f i r s t  step which should be considered i n  ob ta in ing  
f low f i e l d  so lu t i ons  over any conf igurat ion.  Due t o  the data base management 
o f  the present  program, i t  i s  necessary t o  map e n t i r e  phys ica l  domain i n t o  a 
rectangular  para l le lep iped.  Among the g r i d  types, s e l e c t i o n  o f  an 0-type g r i d  
f o r  cross sect ions i n  the x-coordinate d i r e c t i o n  would produce a p o i n t  
s i n g u l a r i t y  a t  the nose t i p  and a l i n e  s i n g u l a r i t y  along the t r a i l i n g  edges. 
Nevertheless, an 0-type g r i d  maps the s o l i d  boundary onto an e n t i r e  face o f  
the pa ra l l e lep iped .  It i s  a l so  possible to  generate a h i g h l y  orthogonal g r i d  
i n  the reg ions where there are r e l a t i v e  h igh  curvatures. However, a H-type 
g r i d  does n o t  map the s o l i d  boundary onto an e n t i r e  face of the computational 
box. This  creates a p o t e n t i a l  problem i n  updating the boundary cond i t i ons  near 
the l e a d i n g  edges o f  the wing and also the g r i d  i n  some regions could be 
h i g h l y  skewed. But, there are no s i n g u l a r i t i e s  i n  the g r id .  Both types o f  
g r i d  have been used i n  t h i s  study, and r e s u l t s  are compared w i t h  o the r  
numerical, a n a l y t i c a l  and experimental resul ts .  
2 
Governing Equations 
The governing equations f o r  a thermal f l u i d  system are the conservat ion 
o f  mass, momentum and energy. These equations a re  developed fo r  an a r b i t r a r y  
reg ion  under the assumption t h a t  the system i s  a continuum. Equations o f  
motion f o r  viscous, compressible, unsteady and heat conducting f low can be 
w r i t t e n  as: 
ap + v=(pU) = 0, T€ Cont inu i t y :  
Momentum: 
Energy: 
where E i s  the t o t a l  energy per u n i t  volume given by E = p (e + u*u/2) and e 
i s  the i n t e r n a l  energy per u n i t  volume. Equations l b  and IC can be s i m p l i f i e d  
by assuming t h a t  the s t ress  a t  a p o i n t  i s  l i n e a r l y  dependent on the r a t e  o f  
s t r a i n  (deformat ion) o f  the f l u i d  (Newtonian f l u i d ) ,  
where tjij i s  Kronecker d e l t a  funct ion,  and p' i s  the second c o e f f i c i e n t  o f  
v i s c o s i t y  which i s  r e l a t e d  t o  the c o e f f i c i e n t  o f  bu lk  v i s c o s i t y  ( K )  by the 
expression ~ = 2  p/3+ p ' .  The con t r i bu t i on  of K can be neglected i f  the 
pressure i n  a f l u i d  i s  n o t  changed ab rup t l y  d u r i n g  i t s  expansion or 
contract ion.  Under t h i s  assumption, the s t ress  tensor  can be r e l a t e d  t o  the 
pressure and v e l o c i t y  components as: 
3 
For an i s o t r o p i c  system, the heat f l u x  i n  Eq. (IC) can be expressed i n  terms 
o f  temperature g rad ien t  (Four ier  law o f  heat conduction) as: 
- 
a 
q = - KVT ( 3 )  
where K i s  the c o e f f i c i e n t  o f  thermal conduc t i v i t y .  A common approximation 
used f o r  v i s c o s i t y  i s  based on the k i n e t i c  theory o f  gases using an i d e a l i z e d  
in termolecular - forces p o t e n t i a l  ; the r e l a t i o n  i s  
3/2 Tr + S o  - -  - ( T I  T + S  
pr 7 0 
where 
So = 198.R; 
pr = 0.1716 np 
The c o e f f i c i e n t s  o f  thermal conduc t i v i t y  K can 
number as 
where Cv i s  the s p e c i f i c  heat a t  constant vo 
s p e c i f i c  heats. 
( 4 )  
be determined from Prandt l  
ume and y i s  the r a t i o  o f  
I t  i s  essen t ia l  t o  have a supplementary r e l a t i o n  t o  c lose the system o f  
equations ( l a - l c ) .  By neglect ing the inter-molecular forces ( the rma l l y  p e r f e c t  
system), thermodynamic p roper t i es  can be described as: 
P = PRT, (6) 
where R i s  the universa l  gas constant. Thermally pe r fec t  gas assumption 
permi ts  t o  express the i n t e r n a l  energy as a funct ion of temperature only  i.e., 
e=e(T). I n  addi t ion,  assumption o f  c a l o r i c a l l y  p e r f e c t  gas [e(O)=OI a l lows the 
4 
f o l l o w i n g  r e l a t i o n :  
e = Cv T. 
A s u b s t i t u t i o n  of Eq. (6) i n t o  Eq. (7) r e s u l t s  i n  
(7) 
The equations o f  motion are i n  conservative form. For s i m p l i c i t y ,  these 
equations can be w r i t t e n  i n  a compact vector form as 
where 
G =  
pvw - 7 
For the sake o f  genera l i ty ,  the governing equations are transformed from a 
physical  domain i n t o  a computational domain as 
5 
The t ransformat ion c o e f f i c i e n t s  can be computed from a funct ional  
r e l a t i o n  between the computational coordinates and the phys ica l  coordinates. 
I f  Eq. (11) were known, the t ransformat ion c o e f f i c i e n t  could have be computed 
by d i r e c t  d i f f e r e n t i a t i o n .  I f  not, a f t e r  some a lgeb ra i c  manipulat ions, the 
t ransformat ion c o e f f i c i e n t s  can computed by 
6 
where [J'l] i s  def ined as 
I I n  the present  case, the g r i d  planes are perpendicular t o  the x-coordinate. 
Consequently, phys ica l  coordinates can be w r i t t e n  as 
x = x(E),  
Y = ~ ( S s r l s C ) s  
z = z(c,rl ,e) .  
I 
! 
I 
I 
(14) 
This  reduces the transformat ion c o e f f i c i e n t s  from n ine t o  f i v e  none zero 
e l  emen t s  t h e r e f  ore reduci  ng the memory requirements. 
Method o f  Solution 
A t ime marching method i s  used t o  compute the s o l u t i o n  so t h a t  the 
poss ib le  t r a n s i e n t  features can be r e a d i l y  captured. This method i s  an 
expl  i c i  t second-order accurate time-spl i t pred ic to r - co r rec to r  a1 g o r i  thm 5. The 
governing equation, Eq. (10) i s  d i sc re t i zed  i n  computational d i r e c t i o n s .  I n  a 
compact form, i t  can be expressed as 
where 
and L and L C  , are the operators i n  5,  11 and r; d i r e c t i o n s ,  respec t i ve l y .  
A t ime step i s  completed i n  t h i s  a lgor i thm w i t h  the a p p l i c a t i o n  o f  each 
L 
5' 11 
operator a p p l i e d  symmetr ical ly about the middle operator. For example, 
operator L can be def ined as 5 
out 
i j k  
L5(At5) = u' , 
for  p r e d i c t o r  step: 
a5 [(f, - Fi-l) ax - - i n  -B7 0 = u  i j k  i j k  
for c o r r e c t o r  step: 
( 1 6 )  
8 
The s o l u t i o n  i s  s tab le  i f  the t i m e  step o f  each operator does n o t  exceed the 
a l lowable step s i ze  for  t h a t  operator. The f i n i t e  d i f f e r e n c e  scheme i s  
cons is ten t  if the sum o f  the t i m e  steps f o r  each operators are equal. The 
s o l u t i o n  i s  second order accurate i f  operators are app l i ed  symmetrical ly. 
Th is  method has a time-step s t a b i l i t y  l i m i t ,  b u t  there i s  no r i g o r o u s  
s t a b i l i t y  ana lys i s  avai lab le.  A commonly used conservat ive time-step i s  
-1 kl+!!!+M+C (-+-+-)I 1 1 1 , 
2 2 
A t  < min IAX 
& AY2 A2 AY Ai! 
(19) 
where c i s  the l o c a l  speed of sound. 
I n  the supersonic region, there e x i t s  a l a r g e  g rad ien t  which requ i res  a 
very f i n e  mesh t o  resolve it. Most center d i f ference methods admit a s o l u t i o n  
which has sawtooth or  plus-minus waves with the s h o r t e s t  wave leng th  t h a t  the 
mesh can support. I n  the case o f  a nonl inear problem, these s h o r t  waves 
i n t e r a c t ,  vanish, and reappear again as d i s t o r t e d  long waves o r  
o s c i l l a t i o n s .  These o s c i l l a t i o n s  eventual ly blow up the s o l u t i o n , i f  they a r e  
n o t  resolved. The o s c i l l a t i o n s  o f  "low frequency" can be suppressed by adding 
a fou r th  order damping. A common damping used i s  the pressure dampening. This  
can be expressed i n  computational coordinates as 
where VR i s  the con t rava r ian t  v e l o c i t y .  
9 
I n i t i a l  and Boundary Conditions 
I n  computational f l u i d  dynamics the i n i t i a l  cond i t i ons  usua l l y  correspond 
to a r e a l  i n i t i a l  s i t u a t i o n  f o r  a t rans ien t  problem, o r  a rough guess f o r  a 
steady s t a t e  problem. I n  pract ice,  i n i t i a l  cond i t i ons  are obtained f r o m  
ex per i men t s , p r  e v i o u s 
computational resu l  ts.  An improper i n i t i a l  guess may r e s u l t  i n  generat ing 
unreal i s t i c  s t rong t r a n s i e n t  waves which propagate through the computational 
reg ion  dominating the f low f i e l d  and eventual ly  l ead  t o  a s o l u t i o n  f a i l u r e .  An 
impor tant  requirement f o r  the i n i t i a l  cond i t i ons  i s  t h a t  they should be 
p h y s i c a l l y  as c lose as poss ib le  t o  the actual nature o f  the f l ow  f i e l d  i n  the 
reg ion  under study. This  w i l l  minimize the number of i t e r a t i o n s  r e q u i r e d  f o r  
convergence. An a t t r a c t i v e  approach i s  t o  i n i t i a l i z e  the e n t i r e  f low f i e l d  
w i t h  a crude and simple guess (e.g., f ree stream cond i t i on ) .  During the course 
o f  the computation, both body and upstream boundary cond i t i ons  are changed i n  
a gradual manner to t h e i r  f i n a l  values over a prescr ibed number of i t e r a t i o n s .  
I n  the present  study, t h i s  technique i s  app l i ed  i n  on l y  one step which i s  
equ iva len t  t o  impuls ive i n i t i a l  condit ions. 
emp i r i ca 1 r e  1 a ti on s , a ppr ox i ma t e  t heo r i e s o r  
It i s  equa l l y  important t o  implement a r e a l i s t i c ,  accurate and s tab le  
method to determine boundary condi t ions.  The a p p l i c a t i o n  o f  c e r t a i n  cond i t i ons  
may cause numerical i n s t a b i l i t y  even though the f low i s  p h y s i c a l l y  stable.  
Most o f  the boundary Condit ions cu r ren t l y  implemented are drawn mainly upon 
i n t u i t i o n s ,  simple a n a l y t i c a l  expressions, wind tunnel experiments and 
computational experimentations. I n  the s e l e c t i o n  of boundary condi t ions,  
cons ide ra t i on  should be given t o  the  f o l l ow ing  c r i t e r i a :  convergence, 
s t a b i l i t y ,  computer time and above a l l  the phys ica l  j u s t i f i c a t i o n .  
For the present case, there are f i v e  d i f f e r e n t  boundary condi t ions.  They 
are upstream, downstream, l a t e r a l ,  top, and s o l i d  boundary. For the case o f  H- 
10 
gr id ,  the upstream boundary i s  located a t  s i x  g r i d  p o i n t  spacings ahead o f  the 
nose of the wing. Fol lowing undisturbed f r e e  stream cond i t i ons  a re  assumed 
f o r  t h i s  boundary: 
O)upstream = u  
For the case o f  0-grid, the upstream boundary i s  s e t  a t  5% of the body l eng th  
t o  avoid the s i n g u l a r i t i e s .  The conical assumption has been made f o r  t h i s  
boundary6. Flow i s  sa id  to be conical  if the phys ica l  cond i t i ons  such as 
pressure and v e l o c i t y  do n o t  vary w i t h  p o s i t i o n  along any ray  through a point ,  
which i s  r e f e r r e d  t o  as the vertex. For t h i s  case, the viscous-conical 
so lu t i ons  a re  obtained for a cone a t  proper angle o f  a t tack.  This i s  done by 
c r e a t i n g  a conica l  gr id ,  which i s  s t r a i g h t  l i n e s  ( rays )  from the ver tex and 
i n t e g r a t i n g  the conica l  Navier-Stokes equations. This  s o l u t i o n  i s  Val i d  
provided the body i s  s u f f i c i e n t l y  slender. 
A zero g rad ien t  i n  the y - d i r e c t i o n  ( p a r a l l e l  t o  the primary d i r e c t i o n  o f  
f l o w )  i s  assumed f o r  the downstream boundary, i.e., 
= 0. aii I m i 2 2 )  
The l a t e r a l  boundaries are located f a r  enough away form the body t o  avoid any 
i n f l uence  on the i n t e r a c t i o n  region. Presently, a zero g rad ien t  i n  the z- 
d i r e c t i o n  i s  assumed f o r  these boundaries,i .e., 
= 0. afi 
Top 
( 2 3 )  
The w a l l s  are assumed t o  be impermeable and no -s l i p  boundary cond i t i ons  are 
appl ied, therefore,  a l l  v e l o c i t y  components are assumed to be zero. S i m i l a r l y ,  
the wal l  i s  assumed t o  have a constant temperature Tw. A zero normal pressure 
g rad ien t  i s  assumed f o r  the s o l i d  surface, i.e., 
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Th is  appears to be a boundary-layer approximation (i.e., a zero normal 
pressure gradient ) .  It i s ,  however, a much m i lde r  approximation, s ince 
constant  pressure i s  n o t  app l i ed  through the boundary l a y e r  b u t  over one g r i d  
l i n e  i n  the boundary layer .  This approximation has y i e l d e d  s tab le  computation 
f o r  both the non-separa ted and separated boundary 1 ayers7. For general 
c u r v i l i e a r  coordinates, Eq. (24 )  can be expressed as 
I This equat ion i s  s a t i s f a c t o r y  even for skew g r i d s  near s o l i d  boundaries. 
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Applications t o  a B u t l e r  Wing 
As mentioned i n  the i n t roduc t i on ,  the B u t l e r  wing i s  a d e l t a  wing which 
was proposed by 0. S. Butler'. The But ler  wing i s  analogous t o  an e l l i p t i c  
p i s t o n  which the r a t i o  of major and minor  axes changes wh i l e  d i s t u r b i n g  the 
f l u i d .  The p lan  form o f  the body (Fig. l a )  i s  an isosceles t r i a n g l e ,  and 
lead ing  edges o f  the wing are l a i d  along the Mach l i n e s  o f  the undisturbed 
stream. For the f i r s t  20% o f  the length, the body i s  a r i g h t  c i r c u l a r  cone. 
The reminder o f  the body has e l l i p t i c a l  sect ions which become more e c c e n t r i c  
as the sharp t r a i l i n g  edges are approached (Fig. l b ) .  The semi major and minor 
axes are given by: 
Major a x i s  (semi-span) - 
Minor a x i s  ( th ickness on = 
center1 i n e )  
(262 1 X - B  O<=x<=L 
(26b 1 i; O<=x<=O.2L 
4 
X x- 0.2L 
= 7 [I- 1 
2 where p2 = M -1 
The model i s  0.8 ft. (0.2438 m) long, and the geometry has been generated 
f o r  Mach number o f  3.5. That i s  the semi-apex angle o f  the p lan  form and the 
i n i t i a l  con ica l  nose i s  SIN-l(1./3.5) =16.602'. 
Th is  wing i s  symmetric about ( x z )  and (xy)  planes. For zero angle o f  
a t tack,  t h i s  permi ts  us t o  use only  one quar ter  o f  the e n t i r e  phys 
(Figs. l a - l c )  which i s  extremely advantageous from computational 
However, i f  the angle o f  a t tack  i s  non-zero then h a l f  o f  the phys 
should be considered. 
ca l  domain 
v i  ewpoi n t. 
ca l  domain 
Some s p e c i f i c  f l o w  f i e l d  r e s u l t s  have been obtained f o r  the B u t l e r  wing 
and these are discussed i n  the next  section. 
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Results and Discussion 
I n  the prev ious experiments3, the surface o i l - f l o w  pat te rns  over the wing 
a t  var ious angles o f  a t tack  and a t  Mach number 3.5 showed no s igns o f  
t r a n s i t i o n  and the nature o f  the o i l  s t reak l i nes  was t y p i c a l  o f  a laminar  
flow. Therefore, r e s u l t s  are obtained only f o r  laminar  f low over a B u t l e r  wing 
a t  Mach number o f  3.5, Reynolds number o f  2 x l 0 6 / f t  (6.56x106/m), f ree s t a t i c  
temperature o f  390"R (216.67'K), wal l  temperature o f  1092"R (606.67'K), l e n g t h  
o f  0.80 f t  (0.2438 m), and a t  zero and ten degree angles o f  a t tack.  I n  t h i s  
study, a two boundary g r i d  generat ion (TBGG) technique 4 i s  used, t h i s  method 
i s  e s s e n t i a l l y  an a lgebra ic  method. The a p p l i c a t i o n  o f  the TBGG method 
requ i res  t h a t  the e n t i r e  body be s l i c e d  i n t o  d i f f e r e n t  cross-sections. These 
cross-sect ions are  obtained i n  the stream-wise d i r e c t i o n  by a n a l y t i c a l  
desc r ip t i ons  o f  the wing surface, (Eqs. 26a-26c). Then, two types o f  g r i d  
generated f o r  t h i s  wing the H-type and 0-type. Resul ts  of bo th  cases a re  
compared and discussed. 
H-Type Grid 
I n  t h i s  case, the e n t i r e  f low f i e l d  i s  s l i c e d  i n t o  f i f t y - f i v e  s t a t i o n s  i n  
the stream-wise d i rec t i on ,  and each s t a t i o n  has 64x36 g r i d  po in ts  (Fig. 2 ) .  
There i s  a t o t a l  o f  126,720 g r i d  po in ts  which take 2.8 m i l l i o n  3 2 - b i t  words o f  
pr imary memory (16 var iab les) .  The requi red computational t ime i s  1.9~10-5 
sec /gr id  p o i n t / i  t e r a t i o n  (2.5 sec / i te ra t ion)  which i s  t y p i c a l  f o r  the CYBER 
205 w i t h  two pipes. Resul ts are obtained f o r  zero angle o f  a t tack.  The 
computed pressures are  p l o t t e d  i n  Figs. 3a-3c. The pressure c o e f f i c i e n t  a long 
the center  l i n e  i s  shown i n  Fig. 3a. The r e s u l t s  are compared w i t h  a v a i l a b l e  
exper imental  and numerical r e s u l t s  (Refs. 1,3,8). The r e s u l t s  on the center  
l i n e  a re  i n  e x c e l l e n t  agreement w i t h  the experimental and prev ious ly  obta ined 
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numerical r e s u l t s  (Refs. 1,3,8). A t  41.66% and 68.33% chordwise pos i t i on ,  t he  
pressure r a t i o s  are p l o t t e d  aga ins t  the conica l  spanwise coordinates y / x tan  
(+) ,  Figs. (3b and 3c). They are i n  good agreement w i t h  experimental and 
numerical r e s u l t s .  However, There are some discrepancies i n  the r e s u l t s  
between 30' and 60". This i s  probably due to the f a c t  t h a t  g r i d  l i n e s  a r e  
notorthogonal near those regions and i s  a d i r e c t  consequence o f  the H-type 
g r id .  
0-Type G r i d  
For t h i s  case, the physical  domain i s  l i m i t e d  t o  5% t o  95% o f  the wing. 
This  i s  done to avoid any s i n g u l a r i t i e s .  The conica l  Navier-Stokes s o l u t i o n s  
a re  forced f o r  the upstream boundary which i s  l oca ted  a t  5% of the wing. This  
s o l u t i o n  i s  obtained by the i n t e g r a t i o n  o f  the Navier-Stokes equations 6 f o r  a 
conica l  g r i d  w i t h  proper boundary condit ions. The wing i s  s l i c e d  i n t o  f o r t y -  
one s t a t i o n s  i n  the stream-wise d i rect ion,  and each s t a t i o n  has 41x127 g r i d  
p o i n t s  ( F i g  4). There i s  a t o t a l  o f  213,487 g r i d  p o i n t s  which take 4.7 m i l l i o n  
32 -b i t  words of primary memory. Results are obtained f o r  zero and ten degree 
angle o f  a t tack.  
Resul ts  f o r  zero angle o f  a t tack  are compared w i t h  r e s u l t s  obtained w i t h  
the H-type gr id ,  from the experiments and other  numerical r e s u l t s  (Refs. 
1,3,8). The computed pressures are p l o t t e d  i n  Figs. 5a-5c. The pressure 
c o e f f i c i e n t  along the center l i n e  (Fig. 5a) i s  i n  good agreement w i t h  o the r  
numerical and experimental r e s u l t s .  Nevertheless, there i s  some discrepancy 
near the nose region. This may be due t o  the f a c t  t h a t  the upstream s o l u t i o n s  
a re  based on the conica l  solut ions.  But, so lu t i ons  match e x a c t l y  w i t h  r e s u l t s  
from H-type gr id,  t h i s  i s  because g r i d  topology near the center l i n e  i s  the 
same f o r  both g r i d  types. A t  41.67% and 68.33% chordwise pos i t i on ,  the 
15 
pressure r a t i o s  are p l o t t e d  aga ins t  the conical  spanwise coordinates y / x  tan 
( 4 ) .  They are i n  e x c e l l e n t  agreement w i th  experimental and numerical r e s u l t s  
(Fig. 5b and 5c). I n  a d d i t i o n  they are much c lose r  to the experimental r e s u l t s  
compared w i t h  r e s u l t s  from H-type g r id .  This i s  due t o  good g r i d  o r t h o g o n a l i t y  
i n  the case o f  0-type g r id .  On the th ick sect ions near the nose the pressure 
i s  h ighes t  on the c e n t e r l i n e  and f a l l s  toward the l ead ing  edge. F igure 5d 
shows the cross-f low v e l o c i t y  a t  5%, 23%, 41%, 59%, 77% and 95%. 
Resul ts f o r  ten degrees angle o f  at tack are compared w i t h  experimental 
r e s u l t s .  The computed pressures are p l o t t e d  i n  Figs. 6a-6d. A t  17%, 30%, 50% 
and 70% chordwise pos i t i on ,  the pressure r a t i o s  a re  p l o t t e d  aga ins t  the 
I con ica l  spanwise coordinates y / x  tan ( 4 ) .  They are i n  good agreement w i t h  
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I experimental and numerical r e s u l t s  (Fig. 6a-6d). On the t h i c k  sect ions near 
the nose the pressure i s  h ighest  on the c e n t e r l i n e  and f a l l s  toward the 
l ead ing  edge whereas near the t r a i l i n g  edge the spanwise d i s t r i b u t i o n  i s  more 
'wing l i k e '  w i t h  the maximum pressure a t  the l ead ing  edge. The changeover i s  
shown by the pressure peaks i n  the pressure d i s t r i b u t i o n s  a t  x/c=O.5 and 0.7 
a t  10" angle o f  at tack.  There are some discrepancy near x/c=30-50; t h i s  may be 
due t o  the f a c t  t h a t  Squire 3 has n o t  used the exact  model o f  the B u t l e r  wing. 
I n  order t o  mount the model i n  the wind tunnel, the lower surface was 
d i s t o r t e d  t o  inc lude a s t i n g  support. Figure 6e shows the cross-ve loc i ty  a t  
5%, 23%, 41%, 59%, 77% and 95%. These f i g u r e s  show a weak cross-wise 
separat ions a t  suct ion s ide which i s  confined to the body. A t  59%, the cross 
f low has separated b u t  a we l l  def ined vor tex i s  n o t  v i s i b l e .  Squire' has 
performed a se r ies  o f  t e s t s  t o  i nves t i ga te  the e f f e c t s  o f  th ickness on the 
l o n g i t u d i n a l  c h a r a c t e r i s t i c  o f  a d e l t a  wing of aspect r a t i o .  The t e s t s  on the 
t h i c k  symmetrical d e l t a  wings have confirmed t h a t  the l i f t  curve slope 
decreases as th ickness i s  increased. This l o s s  o f  l i f t  i s  associated w i t h  a 
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weaker vor tex  system g i v i n g  l e s s  nonl inear l i f t .  Squire3 a l s o  observed a p a i r  
v o r t i c e s  a t  the  t r a i l i n g  edges, b u t  there was no s ign o f  any spanwise f low 
outboard o f  these vor t ices .  
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Concluding Remarks 
General formulat ions are presented t o  i n v e s t i g a t e  the f l ow  f i e l d  over 
complex conf igurat ions f o r  high speed f r e e  stream condi t ions.  An advanced 
a lgeb ra i c  method i s  used t o  generate gr ids around these conf igurat ions.  The 
computational procedure developed i s  appl ied to i n v e s t i g a t e  the f low f i e l d  
over a B u t l e r  wing. I l l u s t r a t i v e  r e s u l t s  obtained f o r  s p e c i f i e d  free stream 
cond i t i ons  compare very we l l  w i t h  ava i l ab le  experimental and numerical 
r e s u l t s .  Resul ts are obtained only  f o r  laminar f l ow  over a B u t l e r  wing a t  Mach 
number o f  3.5, Reynolds number o f  2 x l 0 6 / f t  (6.56x106/m), f r e e  s t a t i c  
temperature o f  390"R (216.67"K), wal l  temperature o f  1092"R (606.67"K), l eng th  
o f  0.80 f t  (0.2438 m) and the wing i s  a t  zero and ten degree angles o f  a t tack.  
Two types o f  g r i d  have been generated f o r  t h i s  wing; H-type and 0-type. 
Resul ts o f  both cases are compared and discussed. 
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